Exemplars

Differences of Reversed Squares

A mathematician was bored during a long train ride from
Upstate New York to New York City. Having a little notebook
and a pencil always handy, she began to scribble the following:

leﬂ 12L= L}L/I-—-/lftf =,277.
?Jll" I?Dl: Cfél -'lécl = ??Z.
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(1) What is the mathematician investigating here?

(2) Can you find patterns when you continue her investigation
for 2-digit numbers? For 3-digit numbers? For numbers of any
amount of digits?

(3) The differences above (297 and 792) are divisible by 99.
What about the differences of reversed squares for any 2-digit
number? What about 3-digit numbers? What about numbers
with any amount of digits?
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Prepare a presentation of your work in writing. Imagine you
would be sharing your discoveries at a conference for
mathematicians at which you are required to prove all your
claims.

You might want to review some basic algebra with respect to
differences of squares.

Besides the questions above, what interesting questions could
you make up for the bored mathematician as an extension to
this problem?
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Differences of Reversed Squares

Suggested Grade Span
9-12
Task

A mathematician was bored during a long train ride from Upstate New York to New York City.
Having a little notebook and a pencil always handy, she began to scribble the following:

2 2
217=12 _ LI"/"‘/L'LL'L =,277.
217- 1372 gb1 169 = 792
wow {
YN TP
. ) Hummm ...
32" - 243" - 7
(1) What is the mathematician investigating here?

(2) Can you find patterns when you continue her investigation for 2-digit numbers? For 3-digit
numbers? For numbers of any amount of digits?

(3) The differences above (297 and 792) are divisible by 99. What about the differences of
reversed squares for any 2-digit number? What about 3-digit numbers? What about numbers
with any amount of digits?

Prepare a presentation of your work in writing. Imagine you would be sharing your discoveries
at a conference for mathematicians at which you are required to prove all your claims.

You might want to review some basic algebra with respect to differences of squares.

Besides the questions above, what interesting questions could you make up for the bored
mathematician as an extension to this problem?

Differences of Reversed Squares

Copyright 2007, Exemplars, Inc. All rights reserved. 30f13



Exemplars

Context

This problem is actually a true story. | was bored on a train ride and did play with differences of
reversed squares. The problem is posed in the authentic context of a mathematician. | feel
students place themselves in such a role. So in this case, mathematics forms a context for
itself. Another point is that in the 1989 NCTM Standards, Number Theory is not officially
recommended as a strand continuing in high school. | hope that this task will demonstrate that
there is value in working on this.

What This Task Accomplishes

This task employs algebra to show one’s findings in general. Rules of divisibility must be
employed in their algebraic forms in order to generalize. Also the student must represent the
place value system algebraically. Proof is required.

What the Student Will Do

Students will be able to experiment and look for patterns, develop conjectures about numbers,
test them and prove them using the algebraic representation of the place value system.

Time Required for Task

This problem is best assigned independently over a period of time. Some class time (about 40
minutes) is recommended to start up the problem and to debrief the work at the end. Time for
the debriefing will depend on how you structure it.

Teaching Tips

Many students will want to investigate the numbers first. The use of a calculator or computer
spreadsheet is highly recommended. During this work students often come to understand the
problem and are convinced that a difference of reversed squares is always divisible by 99.
Some students will be satisfied with this. They will say such things as “l have tried it for random
numbers and it always works.” One way to counter this is to ask them if they think it works for a
number consisting of 100 digits. Ask them to show you. Their calculators cannot do this, of
course. To do pencil and paper division would take them hours.

You may need to help students to represent a number in its algebraic form consistent with the
place value system. For larger numbers, scientific notation for the place value makes the
algebra more manageable. You may also need to review how to factor the difference of two
squares. Find out from your students what other previous knowledge they will need to recall.
You may need to review or establish methods of proof, particularly mathematical induction if
you wish to have students get to the most general case.
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Suggested Materials

A scientific calculator or a spreadsheet is handy for exploration.

Possible Solutions

Differences of squares in which the order of the digits of the first number are reversed to get the
second number are always divisible by 99.

Examples: 212 - 122 =441 - 144 =297 =3 x 99
312-132=961-169 =792 =8 x 99
412 -142 =1681 - 196 = 1485 =15x 99

The case of two digits is proved as follows:

[10a + b]2-[10b +a]2=[10a+b + 10b +a][10a+b-10b - a] =
[11a + 11b] [9a - 9b] = 99[a2 - b?]

Note how one factor is divisible by 11 and the other by 9.

The case for differences of three-digit reversed squares goes similarly:
[100a + 10b + c]2 - [100c + 10b + a]?2 =

[101a + 20b + 101c] [99a - 99c] =

99 [101a + 20b + 101c] [a - ]

Note how one of the factors is divisible by 99.

One could continue to prove cases ad infinitum, but since this is a never-ending job we need a
better way. Let’s consider the following conjecture:

It appears that if one continues this pattern of proof that the difference of reversed squares, x2 -
xr2, has either one of its factors divisible by 11 and the other by nine or one of its factors
divisible by 99 and the other factor relatively prime. This means that x2 - xr2 is divisible by (10 +
1) (10- 1) =102 - 1. It can be shown that this works in bases other than 10 as well. It is true in
general that for any base b, xb2 - xb,r2 is divisible by b2 - 1.

The problem can be extended to differences of reversed cubes as well: x3 - xr3 is divisible by
27. The binomial theorem is quite useful here. Further generalizations of this problem are
possible, but may fall beyond the scope of high school.

Task-Specific Assessment Notes

General Notes

In the pilot task the title was “differences of reverted squares.” It was pointed out that the word
reverted should be replaced by reversed. This correction has been made, but in the student
work you will see a mix of these two words. We apologize for this and we hope this will not be
problematic.
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Novice

The student recognizes differences of two squares and does some calculations. It is not clear
what the student has figured out. There seems to be some understanding and an attempt to
look for patterns.

Apprentice

The student appears to understand the reversing. The student explains attempts to find a
continuing pattern of reversing and states that it could not be found. In communicating, the
student does not distinguish between numbers and digits, making the work hard to follow. In an
answer to question three the student draws a conclusion without proof.

Practitioner

Although this paper lacks clear communication about the work, it is possible to follow the
student’s thinking. It appears that this student becomes convinced that division by 99 works.
Then the student sets out to prove this for two-digit numbers and three-digit numbers using
appropriate algebra to represent the place value system.

Expert
An Expert paper could not be identified. It would require a proof using mathematical induction or
one with another method.
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Novice

3.51% - I5%= 2,276 299 = Zqi”

Exemplars

\. T\r\e dlfﬁcﬂfentﬂ 0+ two Squars
Z. yes.

71t — 1129799 = 3
2t (132 792 ~99- o) >
Y- 142 = 485 2 gg= | 77

Cl® ~1b®= 3445 = 97 = 353 3

TI%-17%= 4252 +9¢9 7 4

The student appears to look
for a pattern. No explanations

are given.
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Apprentice

| The mathenmatigian wants fo e if
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61 v Al -\ = 192 diff went #s
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clear about what aHdSh.L wonts 0 See \’l‘@h_L
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Because communication is unclear, it is
difficult to follow. The symbol “#” seems

to be used with different meanings.
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Apprentice
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Practitioner

A B"  Catb)(a-b)
(xfwn\i‘G(Jx'I'r\.)R ( - ) C )
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The algebraic notation A coniecture The student shows
is appropriate for this ] d R examples and seems
problem. is made. to discover a pattern.
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Practitioner
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Correct proofs are given for
2-digit and 3-digit numbers.
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[ Algebraic proof \

is given and
clearly
communicated.
Numbers are

used as

\ illustrations. )
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Differerces of Reversed Squors

exarmpies (2 digi1s):

H?N:P“' 2 \?_ls;‘l\ =0 (C\C\vo) A - e (10(\“)2 = (”hﬂ)z

20 - 2t =Y44l-wy =297 ()3 = Gooa*xzomb‘)-(wowzo-brih
3¢ - 13- qul- 161 =T792(%3 8 ™ 9ar -99p*

Y- 12 108] 10T 1485 ASY = AE-b)

&2 =152 2 2401~ 225 = 23TWMAA Rhetefore, al) differones oF revesed
b - 1tz B2\ ~ 2500 =3455%35) squires, for 2 digids, are

T 17 5041 - 89 = HT92aqe Bl dmsible wy 9T and the

U= 182 50\ 32 = 23 T(Reb3) e of Hhe Huaes of
V- 197 = 8251 - 3o = 792065 50) weir digits. R° B* could also be
100%™ 1 210 000~ [ = RAQ(AON, ceducd o (A-BYA+E) and one
b -2t 3544 - 6Tb=316B (T132)  woud receive the tame
- q1‘=5'+7ln“226‘1152b7 (44r2) Sfinal product.

etc. \
&amples (3 digivs):
Hl’":l’luz = \13281’- \2321= O (‘H:O) A2-B* = (but 10b#¢ )} X
21 - uz" = 4y52d- 12344 = BTN B3B) (100c +10b+a)

I? - W2 =96 171" 12,109 83,952 (44x38) = (10p0a™s 20000 + ke
MY - L =168, Q21 - 12,890 = 155, 925(305 1575)  Jowk® waeome i)
o 10,000 &* -tzwobc'l%)
A?- B = A% + (980ab - 1930bc = VA 7 ¥ (outbbtc H00ader
= 94 (10l 6? + 20ab ~20be- 101?) = MAa - QA (iota 4 20b+10le)
Theefore, oWl diffecencss of reversed sqz.onsl .F:; ;f&'SE ,
umbus, ore  divisisle by “93 and (j0la®+200b- 100>
"r\'\hm, mowe en fto ‘luhra nur?-n?:s writh u%!’: qisﬁS:ﬂz“ﬁz:(ﬁ'B)c‘”g)
(1075t 10" ke, ¥ 101, t Xy = (1070 ¢ 10Ty, ¥ WOe .+
(10%t 10™ Y 1 #20. X 10K 4 Xo™ DY # = WY, S = Py - X} K
(050 110"y 7 oot 10K, S8 * Wy, 10k, 1. le,..JXn)

The student makes an attempt to extend the problem
to numbers with any amount of digits and uses
scientific notation to represent the place value system.
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Expert

(660x + (1= 10)%, 2% (-0, 4 (F10Dx,)
(00" + A0+ (0™ +10W Y+ Gov i), + Bo")y)

wivn *p' 13 evens

(a): x4 (o Srdift mumber) -

(a5 + 190x, otgm - 90 %, »- ‘qu.)(mln‘-t Iotov;+ 200, 10D, + po)
4 (p0101 1, t LU D1g- 10x 101K Dliaoclsy 10001, 1260, + OBx,+ KBA,)
Trecefort , when ‘N i even , nd thee 0% an Qad  number

of di§ts I e aumbe; it 5 divisible by "9

when "n” s odd :

@) :n=3 (a Y- digit number)

(g, + Wy, 4 =90« , %> 92 ¢ Y 1001 5+ W0 1,4 HO¥, 11000 ¢6)
Glitiys % 1014 = 10y, = xeY* J1(Uxz 4 106, 4 10,4 Alue)

Theefore ; whnea "N 1S ocld, Ond  thie afe o even

number of digits in -the Number, it 15 also divisive

by "N

The student proves two more

cases and makes a statement

about odd and even amounts
of digits in given numbers.

No proof is given

for the general
case.
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